In a recent paper by Hack (1987) , certain bivariate polynomial Hermite-Birkhoff interpolation problems are considered and sufficient conditions for unique solvability are obtained by applying a general result on interpolation with tensor-functionals.
Introduction
In a recent paper [3], Hack considers the question of the unisolvence of a certain class of polynomial bivariate Hermite-Birkhoff interpolation problems. After giving a general result on interpolation in tensor-product spaces, he makes use of it to obtain sufficient conditions for unique solvability of those Hermite-Birkhoff problems. Two-dimensional incidence matrices, which are a generalization of those used in the one-dimensional case (see [4] ), are introduced. R.A. Lorentz [5] gave another proof of Hack's results by means of the computation of the determinant associated with the interpolation problem.
In Section 2 we describe the type of bivariate Hermite-Birkhoff interpolation problems to be considered. In Section 3 we give Stenger's results [8] on the solution of linear systems with coefficient matrices which are submatrices of a Kronecker-product of matrices. We present the main theorem of [8] in an adequate way to be applied to our problem, and then, in Section 4, we show that the conditions given by Hack are not only sufficient, but also necessary for the unisolvence of this type of problems (for the considered interpolation spaces). Let us remark that we will consider generalized bivariate polynomials, i.e., linear combinations of functions which are products of univariate functions belonging to extended complete Tchebycheff systems. As particular cases we have algebraic polynomials and the rational functions with prescribed poles studied in [1,2]. where xi E G (respectively y,, E H) are not necessarily different and ri < n, tij 6 m.
We assume, without loss of generality, that the index set I = {(i, j)} in (2.2) satisfies the following conditions (which can be always achieved after reordering the abscissas of the interpolation points ( xi, yi j)) :
and i,=n.
(2) For any (i, j), (h, I) E I one has i=h -xi=xh and r,=r,.
We are concerned with the following interpolation problem P. Find ~EV=span{F;~l(i, j)EI}, such that
LijP = zij v(i, j) E I,
where the zij's are given real numbers.
It is important to realize that for each (i, j) E I,
(2.7)
We will find consider the set I lexicographically ordered.
Regularity of generalized Kronecker-product matrices
In However, the reasonings and results of Stenger for (3.2) have obvious extensions to the case of matrices (3.5). Since our aim is to use those results to discuss the unisolvence of the problem P, we will give an appropriate reformulation of the main theorem of [8] .
In the sequel, if J, T are ordered subsets of the index sets of rows and columns, respectively, of a matrix M, we denote by
M[J, T]
the matrix consisting of the elements of the rows J and columns T of M.
Let D be a matrix of type (3.5) with Bi given by (3.4 The proof is just that of the main theorem of [8] with obvious modifications, and it is based on the construction of an algorithm to solve linear systems with submatrices of D given by (3.5). More details can be found in [6] .
Unisolvence of the bivariate interpolation problem
Let us return to the problem P. According to the construction of the index set I and taking into account (2.5), the coefficient matrix of the linear system (2. Both problems are univariate Hermite-Birkhoff interpolation problems with coefficient matrices in the linear systems (4.1), (4.2) given, respectively, by (3.10) and (3.11). Therefore, Theorem 1 can be reformulated in terms of interpolation as follows, showing that the conditions of [3] are not only sufficient but also necessary for the unique solvability of the considered problem. As an important particular case we have the problems where the following condition (in addition to those of Section 2) holds. If is one of the interpolation data of the problem (Q E R' 2), then every with 0 G 7 < CX, 0 < w < & must also be one of the interpolation data.
This type of problems has been studied in the last years by several authors (see [7] for results and references). A simple reasoning shows that problems Py and PXp are, in this case, univariate Hermite problems, and therefore the problem P is unisolvent.
Finally, let us remark that taking advantage of the associativity of tensor-products, our results can be extended (with the usual notational difficulties) to higher dimensions.
